Multiple Lambda cosmology: dark fluid with time-dependent equation of state 
as classical analog of cosmological landscape 
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We discuss FRW universe with time-dependent EoS dark fluid which leads to multiple de Sitter 
space. This model (as well as its scalar-tensor version) may be considered as some classical analog 
of cosmological landscape. The universe expansion history may look as transitions between different 
deSitter eras which suggests the interesting solution for cosmological constant problem. For specific 
time-dependent EoS dark fluid the possibility of transitions between universe regions with positive 
C^D , and negative cosmological constant is also established. 
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1. In the study of celebrated dark energy problem (for a review, see [l[) the ideal fluid with specific 
(sometimes, strange) equation of state (EoS) remains to be the simplest possibility for the description of 
the current cosmic acceleration. Various examples of ideal fluid EoS may be considered for this purpose: 
constant EoS with negative pressure, imperfect EoS Q, general EoS inhomogeneous EoS [1] (with time- 
dependent bulk viscosity as particular case and so on (for extensive review, see [lj). Trying to save 
General Relativity and to explain the cosmic acceleration at the same time may lead to the conjecture about 
even more exotic dark fluids. Moreover, General Relativity with ideal fluid of any type may be rewritten in 
the equivalent form @ as modified gravity (for general review, see Q). Of course, the introduction of ideal 
fluid with complicated equation of state is somehow phcnomenological approach because no explanation of 
the origin of such dark fluid follows. 

The interesting possibility to explain the dark fluid origin may be related with string theory (for recent 
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review of some attempts in this direction, seel 



). The following sequence may be proposed: string/M-theory 
is approximated by modified (super)gravity [7[ which is observed finally as General Relativity with exotic 
dark fluid. If such conjecture is (even partially) true, it is expected that some string-related phenomena 
may be typical in dark energy universe. One celebrated stringy effect possibly related with early universe is 
string landscape (see, for instance, t 9|) which may lead to some observational consequences (see, for instance 
, 1 10]). The cosmological landscape may be responsible for discrete mass spectrum of scalar/spinor equations 

& 

In the present Letter we suggest the dark fluid with time-dependent EoS which may be considered as 
simple classical analog of string landscape. It leads to multiple de Sitter space at the same moment. It may 
also describe transitions between de Sitter universes, suggesting the way to solve the cosmological constant 
problem. Unlike to proper string landscape the true ground state may be still selected because the on-shell 
action is not the same for all these de Sitter solutions. Some modification of dark fluid EoS suggests the 
possible transition between regions with positive and negative cosmological constant. 

2. Let us study the specific model of ideal fluid which leads to multiple Lambda cosmology. The FRW 
equations are given by 

^H 2 =p, *H= p + p. (1) 
Here p is the energy density and p is the pressure. Instead of |T|) , one may include the cosmological constant 
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from gravity: 



\h 2 = p +\, -JLh =p + p . (2) 

K K K z 



We can, however, redefine p and p to absorb the contribution from the cosmological constant: 

A A 

P- ^2 ' ■ ( 3 ) 

By the redefinition ([3]), we reobtain (p}. Hence, it is enough to consider only dark fluid in FRW equation. 

If p and p are given in terms of the function f(q) with a parameter q as (compare with similar Anzats 
0) 

P=\f{q)\ P = ~\f{q) 2 -\f{q) , (4) 
the following solution of Eq.([T]) exists: 

H = f(t) . (5) 

Note that the origin of the time can be chosen arbitrary. In |(SJ), t = q but one may choose t = q + to with 
an arbitrary constant to- This shows that besides the solution ((Sj), H — f(t — to) can be a solution. 
If we delete q in ^ , we have a general equation of state (EoS) : 

F(p,p)=0. (6) 

In case that f'(q) = has a solution q — qo, there is a solution where H is a constant: 

H = H = f(q Q ) , (7) 

where p = —p, which corresponds to the effective cosmological constant. Then if there is more than one 
solution satisfying f'(q) = as q = q n , n = 0, 1, 2, ■ • • , the theory could have effectively several different 
cosmological constants: 

H = f(q n ) , A„ = 3f(q n ) 2 . (8) 

Note that the solutions |5| corresponding to multiple cosmological constants may exist at the same moment 
which shows some analogy with cosmological landscape. Let us assume there is a solution corresponding to 
q n . By perturbation, the solution may transit to another solution, say q n +\- Hence, the transition period is 
proportional to T„,„+i = q n+q - q n . 

As an example, we consider the ideal fluid with the following time-dependent EoS 

Here /o and /i are constants and fo > /i > and a (0 < a < ir, a ^ ir/2) is defined by 

tana = — , (10) 
A 

that is 

, . A cos ujq uj sin ujq 

cos(ujq + a) = — . (11) 

V \ + oj 

Then one finds 

/'(<?) = fie- Xq (cos ujq- 1) . (12) 
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Since f'(q) = when q = with an integer n, we have effectively multiple cosmological constant: 

A„ =3 (/„-/,, W^-|)r = 4/» + 4C^) 2 • (13) 



VA 2 +^ 2 \J J T u A(A 2 +c^ 2 ) 
Eq.© shows also that there is a time dependent solution: 

* (tWW - A -A.-(!$^-i). ,u, 

When i = 2%n/uj, it follows p = — p corresponding to the cosmological constants in (fT3f . Note that the 
solutions with cosmological constant (|13p may exist at the same moment. Such the universe could be 
considered as kind of multiverse [l3[ as it could be that some its regions may be inaccessible like in the 
model [14J| . If we have a solution corresponding to q n , by perturbation, the solution could transit to another 
solution correponding to q n +i- The time for transition could be given by T — q n +q — qn = 2tt/u>. Then 
the solution ([Till describes the transitions between different A cosmologies (for related proposal of cascading 
universe, see (15{). Since A„ > A„ + i in p3[) . the transition could occur from larger one to smaller one. In 
the limit of t — » oo, H(t) goes to fo, which corresponds to 

Aoo = lim A n = 3/ 2 . (15) 

n — >+oo 

If t — > oo corresponds to the present time, we find fo ~ 10~ 33 eV. 

As a second slightly different example, one may consider the following ideal fluid: 

/(g)=5oe- 91 ^™) , (16) 

which gives 

/'(?) = -9o9i (l-coso^e-^ 1 -^™) . (17) 

In (HHJ), it is assumed go, g\, and u> are constants. Therefore, f'(q) = when q = with an integer n, 
again. The effective multiple cosmological constant occurs: 

A n =3g 2 Q e- 4 -^ EX , (18) 
Eq. (fT6]) shows that there exists also a time dependent solution: 

H(t)^f(t)=g aC -^( t ~i si ^ t ) , (19) 

Again t — 2im/uj corresponds to the cosmological constants in (fT6|) and therefore the time-dependent solution 
could describe the transition between the cosmological constants, from larger one to smaller one. In the limit 
of t — > +oo or n — > +oo, the effective cosmological constant vanishes: lim„^ +oc A„ = 0, which is different 
from the example in ^ as found in (|15[) . 

It may be shown that the EoS J6]) or ((4]) can be realized in the scalar-tensor theory, whose action is given 

by 



S = I d^x^-g \ - -Lj(ct>)d^4> - V(<t>) 



2k 2 2 

"(<f>) = ~\f\4>) , V&) = - 2 (3/(0) 2 + f'(<j>)) . (20) 
For the example the corresponding scalar-tensor theory looks like 



to((t>) = -^Ae-^ (cosw^-1) 



y(</>) 
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and for the example (TT^j) . it follows 

u>{(p) = — 5— (1 — cos o;0j e M l v u v ; , 

F(<£) = -i{3. 9o 2 e- 2si ^-^ sin ^)-<? o3l (l-cos^)e^(^^ sin ^)} . (22) 

The appearence of exponential potentials may indicate to some connection with string theory. For other 
examples of scalar-tensor theory with de Sitter solutions, see [l6j . 

Note that the solution ([5]) is always also a solution of the corresponding scalar-tensor theory ([2H)l but 
the solution is not always a solution of the scalar-tensor theory. This is because the fact that energy 
conservation law p + 3H(p + p) = is the first order differential equation while the scalar field equation is 
the second order differential equation: 

= u)((/))4> + \^'{<\>)§ 2 + 3Hu(cl>)<j> + V'((f>) . (23) 



Hence, even if the conservation law is satisfied, the field equation (|23|) is not always satisfied. The solution 
([7]) requires that <fi = qo with f'(qo) = and therefore is a constant. Then in order that the solution (JT]) 
is also a solution of the scalar-tensor theory, we should require V'(4>) = at <fi — qo. Since 

v\4>) = ^wwrw + rm , (24) 

if 

f"(qo) = , (25) 

<t> = qo is also a solution of the scalar-tensor theory. 
For the model © or IpTj). we find 

f "((/>) = / ie ^ A0 {-A(cosw0- 1) - usmujcj)} , (26) 

which vanishes when <p — 2 pj L with an integer n. Since f'(<p) also vanishes there, 4> — IS a solution of 
the scalar-tensor theory. Thus, the scalar-tensor theory has multiple cosmological constant solution 

—j = V (2irn/w) = \f (2™/ w ) 2 , (27) 

which corresponds to ©. The first FRW equation JTJ) shows that 

R = 12H 2 = An 2 p = An 2 V (2im/u) = 4A„ , (28) 
and therefore the on-shell Lagrangian density C ([20)) is given by 



Hence, the energy of the corresponding cosmological constant solution changes with n, which is different 
from string landscape where millions of de Sitter vacua may have the same energy. 
For the model (fill or ([22]), we find 



/"(0) = -« 7o3l | W sin^- ffl (l-cos^) 2 }e- 5l ( 1 ~^ sinaj,? ) . (30) 

Since both of f'(4>) and f"(4>) vanish when <fi — with an integer n, (f> = is also a solution of 
the corresponding scalar-tensor theory. Then the scalar-tensor theory has multiple cosmological constant 
solution (|18p . In this example, the corresponding on-shell Lagrangian density is given by 

C= 3 4e-^. (31) 

K 
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3. Generalizing above EoS, we consider the case that f(g) is given by two functions g and h in the following 
form: 

f(q) = <?(%)- sin h(q)) . (32) 

Since 

f'(q) = g' (h(q) -smh(q))(l- COS h(q))h'(q) , 

f"(q) = 9" (h(q) - sin %)) (1 - cos %)) 2 (ft'(g)) 2 + ff ' (%) - sin h(q)) (1 - cos %)) 

+.g' (%) - sin %)) sin %) (^(q)) 2 , (33) 

one finds /'(q) = f"(q) — when h(q) = 2-ku (n : integer) if g' , g" , h! , and ft." are not singular. Hence, EoS 
(ID) and the corresponding scalar-tensor theory ([2H)l contains the multiple de Sitter solution which corresponds 
to the cosmological constant (| when h(q) = 2nn (n : integer): 

A„ = 3( 5 (27rn)) 2 . (34) 

Moreover, such ideal fluid as well as corresponding scalar-tensor theory also leads to the time-dependent 
solution, whose Hubble rate is given by 

Hit) = g(h(t) - sinfr(i)) . (35) 

Such (oscillating) universe passes through the de Sitter eras specified by different cosmological constants. 
For instance, with the choice 

h(q) = 27riVtanhcjg , (36) 

we have 2N — 1 classical deSitter vacua, where /'(<?) = f"(q) = or h(q) — Inn with integers n's (-N < 
n < N), between — oo < q < oo and the limits q — > ±oo also correspond to de Sitter vacua. 
The effective EoS parameter w c g is defined by 

When w c ff < —1/3, the universe is accelerating but when w c s > — 1/3, the universe is decelerating. As an 
example of (f32|) . one can consider 

fiq) = H 1+ h(q)-smh(q) ' (38) 

where h(q) is chosen as (13^)) . Assume Hi > 2ttN then f(q) is not singular everywhere. One can now 
investigate the solution (f3"5)) . Let define q\ by 

- 2tt(AT- 1) = h(qi) = 2irNtavhujq 1 . (39) 

Since H = when t = — oo or t = q 1; w c s = — 1 when t — — oo or t — qi, that is, the universe is tentatively 
de Sitter space and therefore, the universe is accelerating. Hence, there should be an extremum of w e f{ when 
— oo < t < q\. For the example (|3"5|) . one gets 
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At the extremum, where w s = 0, it follows 



{(I- cos h(t))ti'(t)+ sin h(t)(ti(t)f} . (40) 



1 - cos h(t) = -^ sin h(t) . (41) 



6 



Let denote t satisfying the condition (|4ip by t e , (—00 < t e < ti). Note that t e does not depend on Hq. 
When t — to, it follows 

2(l-cosft(t e ))ft'(t e ) . , AttNlj (1- cos h{t e )) 

w eS = -l+ = -1 + -g— . (42) 

-no -Ho COSh UJt e 

In (|42[). the second term is positive if Nuj/Hq > 0. Since t e does not depend on i?o, we may choose Hq to 
be small enough. Then w e a can be larger than —1/3, that is, the universe can be decelerating. Since the 
universe is accelerating when t — —00 or t = ti, the primordial universe, where t — > —00, is accelerating 
but when t — > t e , the universe decelerates, that is, there occurs the transition from the accelerating universe 
to the decelerating universe. After that, when t — > t\, the universe turns to acceleration again, that is, 
there occurs the transition from deceleration to acceleration. After t goes through ti, the universe passes 
through several de Sitter vacua and in the limit of t — > +00, the universe tends to the final de Sitter 
space where H — > flfi na j = Hq/ (Hi + 2ttN). H(t) is monotonically decreasing function of t, the value of 
H = -ff final is minimum. The first period of the deceleration between —00 < t < t\ could be the order of 1/uj. 
Then in order to obtain the realistic model, we should choose oj to be the order of the age of the universe, 
that is, ten billion years or u ~ 10~ 33 eV. When t = t\, one has H(t\) = Hq/ (Hi — 2n(N — 1)). Since 
H\ > 2ttN, we find Hi — 2ir (N — 1) ~ 0(1) and the magnitude of H(ti) is the order of Hq and therefore 
Hq ~ 10~ 33 eV, which corresponds to the observed value of the Hubble rate in the present universe. Since 
H (—00) = Hq] (Hi — 2irN), if the Hubble rate in the inflationary era is large enough, it follows Hi ~ 2irN. 
Hence, the ideal fluid with time-dependent EoS of special form motivated by string landscape considerations 
may suggest the solution of the cosmological constant problem. Of course, similar scenario may be extended 
for scalar-tensor theory with corresponding potentials where also the unification of cosmological epochs may 
be achieved (for one related example, see [17j). 

4. In the previous section, dark fluid describing the transitions between de Sitter eras is discussed. In this 
section, we consider if the transition between de Sitter and Anti-de Sitter space is possible in the similar 
framework. When cosmological constant is negative and there is no matter, there is no time evolution of the 
universe. One may include the matter with constant EoS parameter w, whose energy and the pressure are 
given by 

Prn = Poa- a{1+w) , p m = wp Q a-^ 1+ ^ . (43) 

Then instead of ([1]), we find 

3 2 • 

-^H 2 =p + p m , -rH = P + P + p m + Pm ■ (44) 

Hence, if p and p are given in terms of the function g(q) with a parameter q as 

P = \g'(qf poao 3(1+U,) e- 3(1+U,)9(9) , P = -\f(<l) 2 - \f'(q) ~ wp a^ 1+w) e-^ + ^ , (45) 



the following solution of (|44|) exists: 

H = g'(t) (a(t)=a e^) . (46) 
Note that the correponding scalar theory is given by, instead of (f2"Tj) . 



rA\ 2/i _ A , w+1 
W (W = — ~ e ^(cosw0-l) — g e 



-3(l+u))sW0 



+ ^l goe ^(i+^)9W . (47) 
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Here 



"■• ( - ) • (4SI 

90 



We now consider the following model: 



2 

g(q)=a(q) + — — — rlnsinOg. (49) 
3(1 + u>) 

Here f2 is a constant and a{q) is a proper function which satisfies the conditions 

a(0) = a(n/n) = a'(0) = a\ir/n) = . (50) 

Assume, when q ~ 0, 



and when q ~ tt/O, 



«(<?) ~ oofiV , (51) 



a(g) ~d (7r-fig) 2 . (52) 



One gets 

P = - 2 H 2 p m = \ L'{t) + — ^— COtfitV - poao 3d+«) e -3(l + ™)a(t) sm -2 ^ (53) 
KT KT \ 3(1 +10) / 

We now choose the parameters to satisfy the following condition: 

Poo = . 54) 

3(1 + W) l K l 

Then in the limit t — ► 0, p goes to some constant: 

12» 2 / 1 \ ,,,, 

K^(l+w) \ 9(1 + 10)/ 

and also in the limit f — > 7r/fl, p goes to the constant: 

4fi 2 / 1 \ 

^-^r+^^ + 3(r+^oJ ■ (56) 

Hence, in the limits of t — > 0, 7r/0, p behaves as a cosmological constant. For example, if it is chosen 

11 

9(1 + w) 3(1 + w) 

p behaves as a positive cosmological constant when t ~ and as a negative cosmological constant when 
t r*> ir/Q. Therefore, the dark fluid (|49|) could describe the transition between universe regions with positive 
and negative cosmological constants. 

5. In summary, we discussed FRW universe with time-dependent EoS dark fluid as a toy model which leads 
to multiple de Sitter epochs. This suggests some classical analog of cosmological landscape. It remains to 
show which stringy compactification may be described as an effective ideal fluid of such (or similar) form. 

The possibility of transition between different de Sitter eras is demonstrated in the universe expansion his- 
tory. That may suggest the reasonable approach to the solution of cosmological constant problem, explaining 
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its effective decrease. In addition, the possibility of transition between regions with positive and negative 
cosmological constant is demonstrated. It is not difficult to generalize the above study for the presence of 
standard CDM matter. In such a way, the standard ACDM cosmology which is known to be consistent with 
observational data (for recent review, see [Hj]) easily emerges with reasonable explanation of the smallncss 
of current cosmological constant. 
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